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Abstract-This paper deals with the finite element approximation of the nonlinear diffusion problem: 
-div(lgrad u[‘-‘grad u)=f. Glowinski and Marrocco[3] have been shown that the rate of convergence 
decreases as p increases. In this paper we show that the rate of convergence is optimal and independent of 
p. This theoretical result agrees with the numerical experiments reported in the last section. 
1. INTRODUCTION 
This paper deals with the nonlinear boundary value problem 
-v ’ (KvqD) = f(X) for X E 0 (1) 
q(x)=0 for x E r (2) 
defined in an open subset R of R”. The diffusion constant K is assumed to have the form 
K = (v#-‘, (3) 
thus the problem is linear when p = 2 and nonlinear for other values of p. 
Also observe that the problem ‘degenerates’ on subsets of R where the solution cp = cp,, is 
constant. However, this rarely occurs in physical realizations of the model (l)-(2); indeed, one 
typically has 
IVqo( 2 co (4) 
for some 00 > 0. See for example [ l] and [2]. 
Glowinski and Marrocco[3] have considered finite element approximations to (l)-(2). Using 
energy arguments (i.e. monotone operator theory) similar to those employed by Strauss [4], they 
were able to obtain a priori error estimates for the approximation. The striking thing about 
these estimates i  that they predict a serious reduction in the rate of convergence as the number 
p increases in (3). In particular, if one uses a finite element space based on piecewise 
polynomial functions of degree k - 1 on a grid with spacing h > 0, Glowinski and Marrocco 
showed that the error 
in the finite element approximation is proportional to 
p-w-” 
Since we know (see e.g. [5]) that there is some function $h in the finite element space for which 
(7) 
(6) suggests that the method produces optimal approximations only for linear problems @ = 2), 
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and that accuracy of the method is seriously affected as the degree p of the nonlinearity is 
increased. 
The question of the sharpness of (6) was left opened in[31, and the starting point of the 
present authors’ study was to investigate the actual rates of convergence in selected numerical 
experiments. The latter, several of which are reported in Section 4, indicated that for smooth 
soludons (6) was anything but sharp, and the better rate (7) was actually obtained. The 
experiments included solutions cp for which (4) was valid, and solutions where V~O vanished on 
sets of measure zero. 
The major theoretical result of this paper is an error bound in appropriate Sobolev norms 
(8) 
which shows that optimal rates and not analogs of (6) are obtained. It is to be emphasized that 
the ability to approximate (i.e. the existence of functions @h satisfying inequalities like (7)) is 
central to our analysis. Thus if the solution cpo does have singularities, our statement that 
optimal rates of convergence are obtained is valid only if appropriate singular functions are 
included in the approximation (see e.g. [61). 
2. VARIATIONAL FORMULATION 
The standard Galerkin procedure that was used in[31 and in this paper is based on the form 
a(u(u, w) = * lvulp-2v~ * VW 
I 
(1) 
defined for u, u, w in the linear space H consisting of functions u satisfying 
II&P cc0 
u=O on I+. 
(2) 
(3) 
Problem VP. Find a cpo in H such that. 
for all q5 E H, where 
The existence and uniqueness of cpo E H satisfying (4) for a given f, 
Ilfllo.2= (J-nlff)1’2c- (6) 
has been proved by Strauss(41. 
To approximate the solution cpo f (4) we introduce a family of finite dimensional subspaces 
{&} of H parameterized by h > 0. If Nh denotes the dimension of sh we put 
h = (l/Nh)““. (7) 
This convention is convenient for applications to finite elements in that the h defined by (7) can 
be regarded as an average mesh spacing. In addition, the following assumption concerning 
approximability in & can be readily verified for finite element spaces with h defined by (7) (see 
e.g. PI). 
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There is an integer k I2 and numbers CO’, Cl4 depending on q, 1s q 5 m, but independent 
of h such that for any v E H there exists a 
satisfying 
for 01151 and l<tsk. 
The approximation qh E sh to PO is defined by the following variational analog of (4). 
Problem AVP. Find a (ph E sh such that 
for all +h in Sh. 
Once a basis has been selected for sh, (IO) iS equivalent o a set of Nh nonlinear equations. 
This is verified in[3], who in fact established the following result. 
THEOREM (Glowinski and Marrocco). Let 
2apcm. (11) 
Then the problem AVP has a unique solution ph E sh. Moreover if the approximation property 
holds, there is a positive number C = C(Co, Cl, p) for which 
Ilq~o- ph)h(lt,p 5 Ch - (k I)/cP-l)(lvlpdl~~2)‘(P-l)ll~~l~!~-l). (12) 
A similar result was also proved for the case 1 I p < 2. It is perhaps of interest o note that 
(12) is an easy consequence of the inequalities 
a(uju, u - u)--a(ulu, u - v)5 a,llV(u - u>ll6,, 
la(ulk w)- atub, WI ~5 BPIIVU - ~)llo.~(ll~4l0,~ + lI~4l0,~)~-~ll~~ll0,~, 
(13) 
(14) 
which in turn are direct consequences of 
(lalPd2a - lb~-2b) * (a - b) Z a,(a - bl 
Ilar-‘a - (blPm2bl 5 Ppla - bl(lal + lbl)“-’ 
(15) 
(16) 
where ap, pp are positive numbers which depend only on p and a, b are any vectors on R”. 
Indeed, to show that (13)_(14) imply (12) note that (4) and (10) can be combined to give 
abhbhr $h) = o(pObO, clh) (17) 
for any Jlh in sh. Thus if $h is any function in sh 
~($‘O)$‘O. (ph - @‘h)- d$h($h, (Ph - $h) 
Using the inequality (14) with u = cpo. t’ = &. and w = (Ph - & and the inequality (13) with 
u = (Ph. c = &. we see that (18) implies 
&$%‘h - 4h)Ilk; 5 &l/v( COO - bd)IlO., (IIv~Oll0.p + Il~~h~~0.p)p-2. (19) 
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By letting &, be the best approximation in the norm [[VW/]O.~ on H (recall the boundary 
condition (3) is satisfied by any function in H), we can assume 
IjV@h tI0.p 5 IIVdO.~ (20) 
and 
lp(lpo-- 4h#J.P s G~‘-‘lI%llk.P (211 
Combining (19)-(21) with the triangle inequality we obtain (12). 
3. IMPROVED ERROR EST!MATES 
This section is devoted to improved error estimates in the L2 norms lljo.2 and ~~~~~l,~. We shall 
tacitly assume throughout this section that the approximation property holds. 
Instead of (15, Section 2) we shall use the following inequality. 
LEMMA 1. There is a positive number yP such that 
@$‘-‘a - Ib(p-2b) . (a - b) L yp(lai + Ibl)P-21a - b1* (1) 
A proof of (1) is given in Appendix 1 to this paper. Observe that an estimate for 
c&n be obtained directly from (1) and (16, Section 2). Indeed, starting with (18, Section 2) we 
have 
YP I, Iv‘f,o(p-21v((p,, - & )I* s @p I, (lv@hI + ~%‘O~)p-2~v(+‘h - ih)llv(~O- ‘+h)l 
We now choose $h such that 
for some constant C independent of h, cpo, and &,t. Using Schwartz’s inequality we have the 
following theorem. 
THEOREM 1. There is a constant C independent of h, QO and Cph such that 
(b I~~,,l~-*Iv(~o - (~,,)pj”~ 5 Chk-'IIVrPdl~.~211cpdlk~ 
Thus if 
uoc [V~O( 5 u1 in Q 
for positive finite numbers uo and (~1 then 
for some new constant C = C(uo, c,) which of course is best possible. 
(2) 
(3) 
(4) 
tThe constant C = 2 is obtained by letting &, be the best approximation tocpO in the norm 
SUP IKw4 
.En 
on the Sobolev space W,‘.Vk). 
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We now turn to estimates for the LZ errors 
By the mean value theorem we can choose the function 
u = U(QO, Qht PI 
to satisfy 
~~~O~-2v~O- I~Qhjp-zvQh = d(QO- Qh). 
The inequalities (1) and (16, Section 2) imply 
YPl~rpolp-2 5 d 5 Bp(lVpol + Ivqvtl)P-2. 
Let 
adu, u) = I avu . vv. l-l 
Following the now classical ‘Nietsche trick’ (see (51) we consider the solution w to 
Va.Vw=Qo-Qh in 0 
w=o on r. 
i.e. the function w E H satisfying 
&(U, W) = (U, QO - Qh) for all 24 E H. 
(5) 
(7) 
Observe that 
I n IQ0 - Qhl’ = (QO - Qh, Qo - Qh) 
= G(Qo- Qh, w) 
= ~(QOIQO, W) - a(QhlQh, W) 
(by (5)). Since a (-I-, a) is linear in the third variable and since ((17), Section 2) is valid, 
I n IQo- Qh12 = ~(QOIQO, W - +h)- dQhlQh, W - Ghth) 
5 BP I(v( w - Gh )I~O.2~~~(QO - Qh )b.2 
x (IlvQdlo, + ll~Qh~~OdP-*. (8) 
Since w is a solution of the boundary value problem (7), there is an Q priori inequality of the 
form 
b”11r,2 5 CllQo - Qh1)0,2 (9) 
provided u is a bounded measurable function. The number is the regularity index of R whose 
precise definition is: 
Definition. The reguhrity index of 0 is the largest number r such that there is a constant 
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C = C(r, a) for which 
II4 = clldJ (10) 
where ever 
hu=g in Q (11) 
u =o on I-. (12) 
It is known that 1 < r 5 2 (see for example [7, Ch. 31) and that r = 2 if R is convex or for 
example has a C2 boundary. 
Assuming (9) holds, we choose @h such that 
(13) 
Combining this with (8)-(9) we obtain the estimate given in the following theorem. 
THEOREM 2. Let 
oo I IVqol~ m (3’) 
hold and let 
IVPhl 5 U2 (14) 
Then there is a constant C depending only on a, oi (i = 0, 1, 2) and the constants in the 
approximation property such that 
IhO - ~hllO.2 = Ch’-‘IIV(cpo - qh)((o,2 (15) 
where r is the regularity index of R. 
To some extent (15) is less satisfactory than (4) in that we had to in essence make 
assumptions about the approximation (ph to obtain (15). In particular, it required that we assume 
that both (3’) and (14) hold while (4) only used (3’). 
4. NUMERICAL RESULTS 
Our numerical results deal with the two dimensional case in a unit square with piecewise 
linear and piecewise quadratic elements. In particular these experiments confirm that the 
optimal rates of convergence are obtained, i.e. 
lb” - (PhII, = OW) (1) 
for linear elements and 
11~0 - $'hll, = o(h)-‘) (2) 
for quadratics. 
If cplh,. . . , qwh is a basis for either of these spaces, then the problem AVP is equivalent o 
the system of N nonlinear equations 
K(s)q = Q (3) 
in the N weights ql, . . . , qN in 
qhb) = 5 #J’:(X). j=i 
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The (i, j) entry of the matrix K(q) is 
a(&$, 47% 
and the i-th entry of Q is 
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We solved the nonlinear system (3) by Newton’s method which is equivalent to applyink the 
finite element method at each Newton iteration to the linear problem associated with the 
bilinear form 
A(cp, CCI) =I, tRlp-2Vrp *V$ + @ - 2) I, lV1p-4F’5 * VP)(VS. V$). 
Indeed, if q’&’ is the k-th Newton iterate and if 
N 
PPh(k)b) = F, 4;kbjhw, 
then (ptk+” is the solution of the variational problem 
(4) 
A((ph(k+‘), tj?) = I, *hf + (p - 2) j-n Iv&k’JP-4(v&k’ * Vph(k))(VqJDh(k) * V@) (5) 
for all 4h in sh where 5 in (4) is cpkk). 
We experienced no problems with this iteration, quadratic onvergence being obtained for 
all the starting values we selected. 
In our first experiment we consider the case where the exact solution is 
cpo(xl, x2) = sin (XI +x2) 
P=2 
0.6- 
I O ‘1 I I I I ,I,,, I 2 4 6 8’10 20 z 
l/h 
Fig. la. 
(6) 
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while this does not have homogeneous boundary data, this is not an essential point since the 
results in the paper are easily generalized to cover nonzero boundary data. In Fig. 1 we plot the 
LZ norm of the difference QI - Qh betweell the Galerkin approximation Qh and the interpolant cp~ 
of (6) for various values of p and for linear elements. Also plotted is the difference QI - Qk in 
the ‘energy norm’ 
~&.IG = L IVQr/P-ZVE . VE (71 
The corresponding plots for quadratic elements are given in Fig. 2. 
These results confirm that the correct rates of convergence are given by (2 and 15, Section 
P=5 
10.0 
6.0 - 
6.0 
4.0 ENG NORM 
2.0 
% 
X 
= 1.0 
B 
; \ 
0.6- 
El 0.6 
4 ! 
0 
0 
,,,JY 
Lz NORM 
0.2 
0.1, 2 4 6 8 IO 20 : 
l/h 
Fig. lb. 
10.0. 
6.0 - 
6.0 - 
P=6 
4.0 - 
2.0- 
N 
0 
X 
s 1.0 - 
(z 0.6- 
E 0.6 
4 ! 
L2 NORM 
0.2 
O ‘I 
,n,j, 
0 
2 4 6 6 10 20 
l/h 
Fig. Ic. 
3 
3 
Finite element approximation of a nonlinear diffusion problem 
P=2 
10.0~ 
0.0- 
6.0- 
0 
295 
x 103 
0.1; I I I I,,,,, 1 
2 4 6 8 10 20 ,? 
l/h 
Fig. 2a. 
x 104 
I O ‘1 I I 1 ,I,,,, t 1 I I I 2 , , , , , 4 6 8 10 20 : 0.11 I 1 2 4 6 8 10 20 
l/h l/h 
Fig. 2b. Fig. 2~. 
3) and not by (12, Section 2). Our next experiments confirm that the norms in the error 
estimates are the right ones. For quadratic elements we consider a solution 
6 E l.O- 
,,, 0.8- 
0.6- 
0.4 - 
0.2 - 
cpO(Xl, x2) = X12.J5 (8) 
which satisfies IIvdl3.2 c CQ and IIV&,m < m but not II~&p < 00. The errors are plotted in Fig. 3. 
The second case considered was 
cpO(Xl, x2) = x1’= (9) 
G. J. Rx and 
f/h 
Fig. 3a. Fig. 3b. 
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P= 5 
5 l.O- 
; 0.8- 
0.6- 
where /p&t = ~0 but [[4&.7~-~.2 < m for all E > 0. Our theory is easily modified to show in this 
case that 
((~0 - (Phl(O.2 = O(h *.“-‘) 
b0 - ~h(IENG = O(h’.“-‘) 
(10) 
(11) 
all E > 0. A good model for these rates is 
II+‘0 - CphllO.2 = Of-h” In h) 
~I~o-(P~~~ENG= O(-ha In h) 
4.0 - 
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where [Y = 1.75 and 13 = 0.75. The numerical results for various values of p are arranged in 
Tables 1-2. In these tables we denoted A; = In (hi+l/hi), pi = 1 + (In hdln hi+,). The quantities 
(ei+Je; * pi) where plotted vs Ai on a log-log scale (Fig. 4), SO that the slope gives the rate of 
convergence. 
cpohx2)=x,‘~2( 
Quadratic elements 
Table 1. p=2 
hi e, = L’NORM Ai pi 2 Q e, = ENG NORM !?l 
eipi 
82 
l/2 0.00067 312 0.6309 2.72 2.41 0.00903 1.83 1.49 
l/3 0.00039 413 0.7925 1.89 2.22 0.00782 1.53 1.49 
l/4 0.00026 514 0.8614 I .59 2.07 0.08643 1.29 1.15 
l/5 0.00019 0.00578 
Table 2. p = 5 
4 ei = L2 NORM Ai 
e,+l 
gi G a e,=ENGNORM 4+1 & e*i 
l/2 0.00149 3/2 0.6309 2.43 2.19 0.02497 1.68 1.16 
l/3 0.00097 4/3 0.7925 1.75 1.94 0.02470 1.55 1.53 
l/4 0.00070 514 0.8614 1.53 1.92 0.02009 1.21 0.88 
l/5 0.00053 0.01918 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
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Proof of lemma 1 in Section 3 
Consider the inequality 
APPENDIX 
(l$‘-*a- (Vi='-*b). (a-b)2 y,,(Ia(+ bl)P-2)a- bl (1) 
Glowinski and Marrocco[3] proved this inequality for 1-c p 5 2 and a, b E R2. We want to verify (1) for other values of p 
namely 2<p<m and a, b E R”. 
o(a b) = (Ial”-‘a - lb(P-2b) . (a - b) 
la-b12(~a1+Ibl)c- 
2 
cp(a. b)is homogeneous thus we can assume lb1 = 1, and by rotation of coordinate system b = (0,. (t&l). Clearly, 
cp(a, b) > 0 for a # b. and lim cp(a, b) = 1. The latter follows when noting that the dominating term in both numerator and 
I./-+= 
denominator is Jai’. Thus it suffices to show that lim inf &a, b) > 0. Using polar coordinates we have 
l -.b 
a, = p sin tJ sin ~9, sin &_I sin 8.-i 
at = p sin fl sin e, sin en_2 cos em_, 
a, = p sin e sin e, cos en-2 
. 
a,=pcosB+l 
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la - b( = p 
Ial = (1 + 2p cos 0 + p*)“* 
(a, b) = u. = I + p cos 0 
da. b) = 
I + [I + 2p cos 8 + py - (1 + p cos e)[l + (ii- 2p cos e + p’)‘p-2)‘2~ 
p*[i + (I t 2p cos e t p*~~~*~~-* 
Expanding numerator and denoting by ((~8) all terms of order higher than p2. we have 
da, b) = 
~71 t (P - 2) CO? ei t C(P, e) 
p*[l + (1 t 2p cos e t ~*)“‘y-~ 
If a+b then p+O and (~(p,@/p’)+O. Thus 
